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c2£-*oo along the real line and the function ./oC^iO^O-//? re-
mains bounded as Pc — oo and the eigenfunctions once again
reduce to those of the simplified problem, but with the im-
portant qualitative difference that the constant a3 is no
longer zero. This difference is crucial, as will be seen in the
following argument. As Pc — oo, one can consider the limit
£— 0 in such a way that c2£ is either zero or has a finite
value. In this limit, the term a3J0(c2^) makes a finite con-
tribution to fp and the eigenfunctions of the exact problem
no longer reduce to those of the simplified problem. The im-
plication is that damped disturbances of the simplified eigen-
value problem are not true asymptotic representations of
damped disturbances of the exact problem in the limit
Pc — oo. Physically, these arguments imply that, for damped
disturbances, there exists a region around £ = 0 of dimension
I /Pc2 where the effects of unsteady mass and energy diffu-
sion and unsteady energy conduction cannot be neglected.
For damped disturbances, these effects have a finite con-
tribution even as Pc^°° and the "transport region" reduces
to a point.

Self-Excited and Damped Disturbances (Large £)
In this region it is convenient to write the general solution

of Eq. (2) in the form

The requirement that fp be bounded as £ — oo will imply that
any two of the four constants above be zero. The exact
choice depends on the arguments of cl and c2. Equation (3)
shows that c{ and c2 can each be chosen so as to lie above or
below the real axis. In particular, cl and c2 can always be
chosen so as to lie above the real axis and fp can be written
without loss of generality as

This form offp satisfies the boundary conditions as $ — 00. If
now the limit pc-~°° is considered, c2£ will be infinitely large
and H$\c2£)^Q. Thus, for both self-excited and damped
oscillations, the eigenfunctions of the exact problem reduce
to those of the simplified problem in the limit Pc-*oo in this
region.

Conclusion
All of the plots presented in Ref. 1 can be considered as

valid representations in the limit Pc^oo, provided Gr is in-
terpreted as having only the positive values, i.e., only self-
excited disturbances. The simplified formulation can also
represent neutral disturbances provided this is obtained as a
limit of the self-excited case. No information on damped
disturbances can be obtained from the simplified problem.

The full solution of the exact eigenvalue problem for finite
values of Pc can be obtained by a straightforward (but very
time-consuming) integration of the differential equations us-
ing asymptotic solutions developed here for initialization.
The eigenvalue and relationships between the arbitrary con-
stants can be obtained by a process of iteration from the
matching of the numerical solutions. Such an exercise is not
considered worthwhile by the author for two reasons: the
needed physical information has already been extracted, and
it would be inappropriate to make the stability analysis
highly refined when the basic steady-state solution has some
mutually contradictory assumptions.2 A fruitful line of ef-
fort in this area would be the inclusion of fluid mechanical
nonlinearities and viscosity effects in solutions of the steady-
state diffusion flame problem. It is the author's opinion that
chemical kinetic nonlinearities are not important in this
problem and that the flame surface approximation can be
continued to be used in both the steady and unsteady cases.
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Introduction

T HE Bernoulli-Euler theory, which is used extensively in
the analysis of dynamic systems that can be approx-

imated by beams, neglects the important effects of deforma-
tion due to shear and rotatory inertia. Inclusion of these ef-
fects complicated the partial differential equation governing
the dynamics of the beam and, thus, a great deal of effort is
needed to solve these equations.

The stability of short Beck and Leipholz columns on
elastic foundations was studied by Sundararamaiah and
Venkateswara Rao1 using the finite element method.

In the present Note we will confirm the results of Ref. 1,
which indicate that for a Timoshenko beam resting on an
elastic foundation subjected to a follower force, the elastic
foundation has a destabilizing effect on the beam. The ef-
fects of viscoelastic and viscous damping on the stability of
columns resting on an elastic foundation subjected to a
follower force coupled with the effect of shear deformation
and rotatory inertia will be examined.

Differential Equations and Boundary Conditions
The coupled equations for the total deflection y and the

bending slope \[/ for a cantilevered beam subjected to a
follower force P are given as (see Ref. 2)

dx1
d\I/ \

-IT)- dx2 •+KV+I dt = 0 (1)

where

E = modulus of elasticity
1= area moment of inertia of cross section

E* = coefficient of internal dissipation, assumed to be
viscoelastic of the Voigt-Kelvin type

G = modulus of rigidity
A = cross-sectional area
s = numerical shape factor for cross section
p = density
K = constant elastic foundation modulus
c = viscous damping coefficient
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Fig. 1 Variation of the critical load and frequencies due to the
change of rotatory inertia and shear deformation.
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Fig. 2 Variation of the critical load due to the change of the elastic
foundation modulus for several values of rotatory inertia.

Introducing nondimensional coordinates £,r results in the
following basic partial differential equations:

/ a \ a2;// sGAL2 ( dy \ I\l^)-w+—u-\w~*r^LEI \d£

82y sGAL2 ( 82y

AL2 dr2 - = 0

El
f 82y d\l/ ^

~\W- ~W.
PL2

KL4 cL2

+~ETy+-
dy
dr

= 0 (2)

where r = ̂ EI/PAL4 t, £ =x/L9 and y=E*/E^EI/pAL4.
Employing standard methods of solution, it is assumed

that

y = \l/ = <pe°Tert (3)

where a = a + /co; assuming a and co to be real.
Equation (2) is rewritten as

where

gsr

(4)

gsr pr^

gs=sGAL2/EI, Ie = I/AL2, p = PL2/EI

k = KL4/EI, 6 = cL2/-JpAEI

To get a nontrivial solution to the matrix equation (4), the
determinant has to vanish to obtain a fourth-order char-
acteristic equation in r.

Using the standard specification of G, E, and s one can
relate gs and Ie as gs = l/yle, where 7 = 3.2 was chosen for
computing the numerical results. The boundary conditions
for this problem are:

= 0 and ^ =

dw
= 0 and

for £ =

for £ = 1 (5)
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Fig. 3 Influence of the viscoelastic damping coefficient on the
critical load for several values of the elastic foundation modulus
(/«, = 0.0001).

The four boundary conditions are reduced to a set of four
linear equations. Necessary and sufficient condition for ex-
istence of a nontrivial solution is that the determinant of the
matrix equation obtained from the formulation of the
boundary condition be zero. The combination of co and p
(minimum) that fulfills the characteristic equation and the
zero determinant condition rendering the system from
neutral stability (a<0) to instability (a>0) is the condition
at which the beam will undergo dynamic instability.

The detailed procedure for solving the problem is stated in
Ref. 3.

Applications
Assuming Ie = 0 and 17 = 6 = k = 0 the problem is reduced to

the usual Bernoulli-Euler (B--E) beam subjected to a follower
force. In this case, the critical value of the load is p = 20.05
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Fig. 4 Influence of the viscoelastic damping coefficient on the
critical load for several values of the elastic foundation modulus
(Ie = 0.0044).
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Fig. 5 Influence of the viscous damping coefficient on the critical
load for several values of the elastic foundation modulus
(4 = 0.0044).

phenomenon reported in Ref. 1 that the elastic foundation
reduces the critical load at which the column will undergo
dynamic instability.

The effect of viscoelastic damping 77 coupled with the
elastic foundation modulus is plotted in Figs. 3 and 4 for
Ie = 0.0001 and 0.0044, respectively. The striking phenome-
non presented in Figs. 3 and 4 is the sharp reduction in the
critical load p for a very lightly damped beam. A similar
phenomenon is reported in Ref. 3 for the B-E beam. For
shorter beams (higher values of Ie), the reduction in the
critical load for very lightly damped beams is more pro-
nounced for higher values of elastic foundation k (see Fig.
4). The results of Fig. 4 show that for lightly damped beams
(17 < 0.025) the effect of the elastic foundation is destabiliz-
ing, while for higher damping (77 > 0.025) the elastic founda-
tion has a stabilizing effect.

The viscous damping has a stabilizing effect for the B-E
beam (small values of Ie), as reported in Ref. 3. Figure 5
shows the influence of the viscous damping coefficient on
the critical load for a shorter beam (7^ = 0.0044) for several
values of the elastic foundation modulus. The results of Figs.
4 and 5 show that for shorter beams and light damping
(viscous and viscoelastic), the elastic foundation has a
destabilizing effect. Increasing the damping coefficient
beyond a certain value causes the elastic foundation to
stabilize the system (a higher critical load for a higher elastic
foundation coefficient).
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(00= 11.0), which was first computed by Beck.4 Starting from
the known Beck's solution, one can increase the inertia of
the beam (Ie) slowly to get a converged solution for the
preceding problems. Figure 1 displays the variation of the
critical load and frequency at beam flutter as the inertia of
the beam increases. It is seen that the effect of shear defor-
mation and rotatory inertia is to reduce the critical load
(destabilizing effect) and frequency at which instability will
occur. The critical loads obtained by the present method are
in excellent agreement with the results reported in Ref. 1.
The frequencies obtained by the finite element method of
Ref. 1 are slightly higher than the frequencies computed by
the present method (see Fig. 1). Figure 2 shows the variation
of the critical load p as a function of increasing the elastic
foundation modulus k. The present results confirm the

Introduction

CONVENTIONAL analysis techniques are not applicable
in the case of an elastic structure experiencing significant

angular motion. This is of interest because numerous struc-
tural configurations such as spinning satellites, rotating
shafts, and rotating linkages fall into this category. The
analysis of these rotating structures differs from that of sta-
tionary structures due to the complexity of the accelerations
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